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A COMBINATORIAL APPROACH TO ALEXANDER–HIRSCHOWITZ’S THEOREM BASED ON
TORIC DEGENERATIONS
SILVIA BRANNETTI
ABSTRACT. We present an alternative proof of the Alexander–Hirschowitz’s Theorem in dimension 3 using degenera-
tions of toric varieties.
1. INTRODUCTION
Secant varieties are classical objects of study in algebraic geometry: given a closed variety X in some projective
space Pn, and given a natural number k, the k-th secant variety of X is the Zariski closure of the union of all
subspaces of Pn that are spanned by k + 1 independent points on X . Not enough is known about these varieties,
starting from their dimensions. Cases of interest are for instance the secant varieties of Segre embeddings of prod-
ucts of projective spaces, Plu¨cker embeddings of Grassmannians, and Veronese embeddings of projective spaces.
The Alexander–Hirschowitz’s Theorem (2.3) provides a complete answer to the case of all Veronese embeddings
of Pn. We recall that the problem of the secant varieties is equivalent to another classical one in Algebraic Ge-
ometry, Polynomial Interpolation (see Remark 2.4), and in this setting Alexander–Hirschowitz’s Theorem solves
exhaustively the problem on interpolation with double points in any dimension; its original proof is due to Alexan-
der and Hirschowitz in the nineties, and in 2002 it has been simplified by Chandler [Ch02]. More recently the
proof has been improved by Brambilla and Ottaviani in [BO07]. Moreover a proof of this theorem has been given
in dimension 2 by Draisma ([JD06]) using a new approach based on tropical geometry, and again in dimension 2
a different proof of the theorem is by Ciliberto, Miranda, Dumitrescu ([CM06]) involving degenerations of toric
varieties, that allow to translate the classical problem into an easy combinatorial one. Indeed tropical geometry is
closely related to degenerations of toric varieties, so that the two methods are in fact very much connected. For
related concepts see ([SS05]). In this paper we want to prove Alexander–Hirschowitz’s Theorem in dimension 3
applying toric degenerations, in line with the approach of [CM06], and exploiting the combinatorial nature of toric
varieties.
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2. SECANT VARIETIES AND THE ALEXANDER–HIRSCHOWITZ’S THEOREM
Definition 2.1. Let X ⊂ PN be an irreducible, non–degenerate projective variety of dimension n and let k be a
positive integer. Take k + 1 independent points p0, . . . , pk of X . The span 〈p0, . . . , pk〉 is a subspace of PN of
dimension k which is called a (k + 1)–secant Pk of X . By Seck(X) we denote the closure of the union of all
(k + 1)–secant Pk’s of X . This is an irreducible algebraic variety which is called the k-th secant variety of X .
The study of secant varieties in particular concerns their dimension, which in most cases is unknown. It is easy to
see that there is a natural upper bound on the dimension:
(2.1) dim(Seck(X)) ≤ min{(n+ 1)(k + 1)− 1, N}.
The right hand side of (2.1) is the expected dimension of Seck(X).
Definition 2.2. X is said to be k–defective if the strict inequality holds in (2.1), and its k–defect is δk = min{(n+
1)(k + 1)− 1, N} − dim(Seck(X)), otherwise it is said to be not k–defective.
Our aim in this paper is to prove Alexander–Hirschowitz’s Theorem in dimension 3, so we are going to recall its
terms. Let Vn,d be the Veronese variety in P(
n+d
d )−1:
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Theorem 2.3. (Alexander–Hirschowitz) The Veronese variety Vn,d is always not k–defective, except in the cases:
n any 2 3 4 4
d 2 4 4 4 3
k 2, . . . , n 5 9 14 7.
Terracini’s lemma (see [Ci01]) allows us to reduce the problem of computing the dimension of Seck(X) to the
study of the dimension of the span of the linear spaces TX,pi , i = 0, . . . , k which are the tangent spaces to X at
p0, . . . , pk, for p0, . . . , pk general points on X . Let us observe that if the TX,pi with i = 0, . . . , k are independent
in PN , then their span has maximal dimension, equal to (n+ 1)(k+ 1)− 1, thereforeX is not k–defective. Since
our aim is to show Alexander–Hirschowitz’s Theorem in dimension 3, we are interested in studying the defectivity
of the secant variety of the Veronese threefold V3,d, which is isomorphic to P3 via the Veronese embedding. We
want to show that V3,d is not k–defective, for any k ∈ N and d ≥ 5. The cases d ≤ 4 are well known. In
general, given a variety X as in Definition 2.1, let D be a degeneration of X to a union of varieties X1, . . . , Xm;
fix p0, . . . , pk general points on X . If we let the k + 1 points degenerate in such a way that each point goes to
a general point of some component of the central fiber, we can consider the tangent spaces to the central fiber at
the limit points. We denote by TXi,p the tangent space to the component Xi of the central fiber at p, where p is a
limit point belonging to Xi. If the tangent spaces to the central fiber at the limit points are independent, so are the
tangent spaces TX,pi , i = 0, . . . , k, hence X is not k–defective.
Remark 2.4. We explain briefly the connections of the problem of secant varieties with polynomial interpolation.
The latter can be stated as follows: given a set of points p0, . . . , pk in Pn, and assigned relative multiplicities
m0, . . . ,mk ∈ N, we study the dimension of the linear system Ln,d(
∑k
i=0mipi) of the hypersurfaces of degree
d in Pn having at least multiplicity mi at pi for each i = 0, . . . , k. The system is said to be special if it doesn’t
have the expected dimension, otherwise it is said to be non–special. The study of interpolation problem consists
in classifying the special systems. This has been completely done for n = 1, n = 2 and for any n when the
multiplicities are mi = 2 ∀i. The latter case is examined in Alexander–Hirschowitz’s Theorem, as noted above.
By Terracini’s lemma we can say that Seck(Vn,d) has the expected dimension if and only if the system Ln,d(2k+1)
is non–special, indeed the Veronese morphism vn,d allows us to embed Pn in P(
n+d
d )−1, and to translate the system
of the hypersurfaces of degree d with k + 1 double points, to the system of hyperplanes in P(
n+d
d )−1 which are
tangent to Vn,d at k + 1 fixed general points. In [CM06] the authors prove Alexander–Hirschowitz’s Theorem
in dimension 2, using suitable degenerations of the Veronese surface V2,d, and reducing the problem to an easy
combinatorial one. Even if one could use the same technique in dimension three, we will give a similar approach
that emphasizes the perspective of toric varieties as described below.
2.1. Degenerations of toric varieties. In this paper we will use degenerations of toric varieties. Let us briefly
recall how a degeneration of a toric variety can be described. The interested reader is referred to [Hu01] and
[CM06] for details. A rational polytope P in Rn defines a projective toric variety XP endowed with an ample line
bundle; a subdivision Γ of P is a partition of P into smaller polytopes, i.e. there exist polytopes P1, . . . ,Pl of
the same dimension as P , such that Pi ∩ Pj is a face of both (it can be the empty face), and
⋃l
i=1 Pi = P . Then
Γ is said to be a regular subdivision of P if there exists an integral function F defined on P , which is piecewise
linear on the subpolytopes of Γ and strictly convex on Γ, i.e. for any points p and q in different subpolytopes of Γ,
F (tp+ (1 − t)q) < tF (p) + (1 − t)F (q) for all t ∈ [0, 1]. If Γ is regular, then there exists a degeneration of XP
such that the central fiber is the divisor X0 whose components are the toric varieties defined by the subpolytopes
of Γ, whereas the total space of the degeneration is the toric variety associated to the unbounded polytope P˜ =
{(x, z) ∈ P × R : z ≥ F (x)}. In this construction XP is isomorphic to the general fiber, thus it degenerates
to X0. If Xi is a component of the central fiber endowed with a very ample line bundle, then the corresponding
subpolytope Pi provides an embedding of Xi in the projective space Pli−1, where li is the number of integral
points in Pi. Note that if two subpolytopes Pi,Pj in a subdivision Γ of P are disjoint, then the varieties they
define are embedded in independent linear subspaces of PM−1, where M is the number of integral points of P .
Proposition 2.5. Let X ⊂ PN be an irreducible, toric projective variety of dimension n, let D be a toric degener-
ation of X to X0 = X1 ∪ . . . ∪Xm, and let P1, . . . ,Pm be the corresponding polytopes. If
(i) there exist indices j1, . . . , jh ∈ {1, . . . ,m} such that Xji is not kji–defective,
(ii) Pji ∩ Pjl = ∅ for any i 6= l, with i, l = 1, . . . , h,
then, setting k + 1 =
∑h
i=1(kji + 1), X is not k–defective.
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Proof. We can assume j1 = 1, . . . , jh = h, so Xi is not ki–defective, for any i = 1, . . . , h; fix pij , j = 0, . . . , ki
general points on Xi. Then dim(〈
⋃
j=0,...,ki
TXi,pij 〉) = (n+ 1)(ki + 1)− 1. Since the polytopes P1, . . . ,Ph are
disjoint, then we can conclude that
dim(〈
⋃
j=0,...,ki
i=1,...,h
TXi,pij 〉) = (n+ 1)(k + 1)− 1.
We end the proof by observing that the points pij are limits of general points on X .

Now let X be the Veronese threefold V3,d in PNd , where Nd =
(
d+3
3
)
− 1. We want to prove Alexander–
Hirschowitz’s Theorem for any d ≥ 5 and any k ∈ N. Let nd + 1 =
⌊
(d+1)(d+2)(d+3)
24
⌋
; we have the following
results, whose easy proofs can be left to the reader:
Lemma 2.6. The expected dimension of Secnd(V3,d) is
(2.2)


Nd if d is odd or d = 6 + 8k, for k ≥ 0
Nd − 1 if d = 8k, for k ≥ 1
Nd − 2 if d = 10 + 8k, for k ≥ 0
Nd − 3 if d = 12 + 8k, for k ≥ 0.
Lemma 2.7. If V3,d is not nd–defective for any d ≥ 5, then it is not k–defective for any k < nd.
Remark 2.8. Suppose we have proved that V3,d is not nd–defective. If k > nd, in order to see that V3,d is
not k–defective we have to prove that the dimension of the span of the tangent spaces at k + 1 general points is
maximal. By Lemma 2.6 this is obvious when either d is odd, or when d ≡ 6 mod 8; in the other cases we have
that Secnd(V3,d) has codimension 1, 2 or 3 depending on d ≡ 0, 2 or 4 mod 8. If we impose one further general
point in such a way that its tangent space and the tangent spaces to the points that we have already imposed span
the whole ambient space PNd , the dimension of Secnd(V3,d) is maximal.
The degeneration of the Veronese threefold we will deal with, is described in the following:
Lemma 2.9. The Veronese threefold V3,d degenerates to
(
d
3
)
copies of P1 × P1 × P1, plus d(d+1)2 copies of P3,
and d(d−1)2 copies of the blow up of P1 × P1 × P1 at some point.
FIGURE 1. ∆d
Proof. Let ∆d be the polytope defining V3,d as a toric variety; it is a tetrahedron of side length d, as in Figure
1. We start cutting ∆d horizontally, so we get a ∆d−1 leaning on one layer of height 1, as in Figure 2. We
denote by S1k a layer of height 1 and base of side length k. Iterating the cut in ∆d−1 we get a subdivision of ∆d
in (d − 1) layers of height 1 plus a tetrahedron on the top. Then we further subdivide each layer into a certain
number of polytopes, i.e. inside the layer S1k there will be
(k−1)(k−2)
2 cubes, k tetrahedra ∆1, and k − 1 blocks
Σ as the one represented in Figure 3. The polytope Σ can be interpreted as obtained by removing a tetrahedron
from a cube; this corresponds to the blow up of P1 × P1 × P1 at one point, which we denote (˜P1)3. So far we
obtained a subdivision Γ of ∆d into cubes, tetrahedra ∆1 and blocks Σ. Let Cijk be the cube having vertices
(i, j, k), (i+1, j, k), (i, j+1, k), (i, j, k+1), (i+1, j+1, k), (i+1, j, k+1), (i, j+1, k+1), (i+1, j+1, k+1),
with i, j, k ∈ N. Our piecewise linear function F is defined as follows: on the cube Cijk in the partition of ∆d, the
function is given by the linear form
F |Cijk (x1, x2, x3) = (1 + 2i)x1 + (1 + 2j)x2 + (1 + 2k)x3 − (i+ j + k + i
2 + j2 + k2).
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FIGURE 2. Section of ∆d into ∆d−1 plus one layer of height 1.
FIGURE 3. The block Σ.
An easy calculation shows that the function is strictly convex on our subdivision Γ. Hence the subdivision Γ is
regular, and it yields a degeneration of V3,d to
(
d
3
)
copies of P1×P1×P1, corresponding to the cubes, plus d(d+1)2
copies of P3, corresponding to the tetrahedra, and d(d−1)2 copies of the blow up of P
1 × P1 × P1 at some point,
corresponding to the blocks Σ.

In the following we are going to prove Alexander–Hirschowitz’s Theorem treating in separated sections the cases
d odd and d even. We start with the following Lemmata, which will be useful throughout.
Lemma 2.10. Let C be the unitary cube in R3, and let T be one of the 8 tetrahedra ∆1 containing 3 edges of C
meeting at one vertex. Then the toric variety it defines is a tangent P3 to (P1)3 at one coordinate point of P7.
Proof. Note that T is a tetrahedron like the one in Figure 4. We can assume that C is the cube with the origin
as a vertex, and that T is the tetrahedron of vertices {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)}. Then, an immediate
computation shows that T is the tangent space to the Segre variety (P1)3 defined by C, at [1 : 0 : 0 : 0 : 0 : 0 : 0 :
0], one of the coordinate points of the P7 spanned by (P1)3.

FIGURE 4. One of the 8 tetrahedra ∆1 containing 3 edges of C meeting at one vertex.
Lemma 2.11. The following facts hold:
(i) P3 is not 0−defective.
(ii) The Segre threefold P1 × P1 × P1 is not 1−defective.
Proof. Assertion (i) is obvious by Definition 2.2, since Sec0(P3) = P3. In order to prove (ii), we recall that the
Segre embedding of (P1)3 in P7 is represented by a cube as a toric variety. If we look at Figure 5, we see that the
FIGURE 5. The subdivision of the cube.
two tetrahedra pointed out are of the type introduced in Lemma 2.10, i.e. they correspond to tangent P3’s to (P1)3.
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Since they are disjoint, the relative tangent P3’s are skew in the ambient space P7, so they span a linear space of
maximal dimension 4 · 2 − 1 = 7. If instead of the tangent P3’s defined by the tetrahedra in the picture we take
general ones, by semicontinuity we get that dim(Sec1(P1)3) is maximal, hence (P1)3 is not 1−defective.

3. CASE d ODD
Let d be odd, and let D be the degeneration of V3,d as in Lemma 2.9; by the same Lemma we have that each
layer S1k degenerates to
(k−1)(k−2)
2 copies of P
1 × P1 × P1, k copies of P3 and k − 1 copies of (˜P1)3. We recall
that a nonsingular polytope ∆ describes a closed embedding of the toric variety X(∆), i.e. it determines a very
ample line bundle on X(∆) [Fu93]. Then S1k corresponds to P3 blown up at a point p, embedded in PMk−1,
where Mk = (k+2)(k+1)2 +
(k+1)k
2 , via the proper transform of the linear system of surfaces of degree k with a
point of multiplicity k − 1 at p. If we denote by pi the blow up, the line bundle which embeds P˜3 in PMk−1 is
pi∗(OP3(k))⊗OP˜3(−(k − 1)E) , where E is the exceptional divisor of the blow up. We have the following:
Lemma 3.1. Let k be odd; then P˜3, embedded in PMk−1, is not
(
(k+1)2
4 − 1
)
–defective.
FIGURE
6. Projection
of S1k
Proof. Consider the subdivision Γk of S1k in cubes, Σ’s and ∆1’s. We have seen
that it is regular; the unitary cube corresponds to the toric variety (P1)3 which is not
1-defective, whereas the tetrahedron ∆1 defines P3 as a not 0–defective variety (see
Lemma 2.11). If we take disjoint polytopes as in Figure 6, we can apply Proposition
2.5. Indeed, in the layer S1k we can point out k
2
−1
8 disjoint cubes, and k+12 disjoint
tetrahedra ∆1. Thus applying Proposition 2.5 we get that P˜3 in its embedding in
PMk−1 is not
(
2
k2 − 1
8
+
k + 1
2
− 1
)
–defective.
We are now ready to state:
Lemma 3.2. Let d be odd, then V3,d is not nd–defective.
Proof. Consider the subdivision of ∆d into d − 1 layers S1k plus one ∆1. This
subdivision is regular by an argument analogous to the one used in Lemma 2.9. By
the previous Lemma we know that S1k for k odd is not
(
(k+1)2
4 − 1
)
–defective. Let us take all the layers S1k for
k ≥ 3 odd, and the tetrahedron ∆1 on the top: they are disjoint, therefore applying Proposition 2.5, by induction
on d we get that V3,d is not nd–defective. Indeed, let d = 5: it is easy to see that V3,5 is not 13–defective, since S15
is not 8–defective, S13 is not 3–defective and ∆1 is not 0–defective. Suppose now that we have proved that V3,d−2
is not nd−2–defective. We obtain the tetrahedron ∆d adding to ∆d−2 the layers S1d−1 and S1d . So we just have to
verify that nd + 1 = nd−2 + 1 + (d+1)
2
4 , which is an easy computation.

Remark 3.3. To see that V3,d for d odd is not k–defective for any k ∈ N, we just have to apply Lemma 2.7 and
Remark 2.8, since we have shown that V3,d is not nd–defective.
4. CASE d EVEN
When d is even we cannot apply the same argument as for d odd because the situation is more complicated; by
Lemma 2.6 we have to treat the cases d = 6, 8, 10, 12. Henceforth we will often regard the polytopes and the toric
varieties they determine as the same objects.
Lemma 4.1. V3,6 is not 20–defective.
Proof. Looking at Figure 7 one sees that among the 21 tetrahedra that we colored, 5 are not of the type introduced in
Lemma 2.10; we denote them by Σ1, . . . ,Σ5. They correspond to P3 as toric varieties, but they are not necessarily
tangent P3’s. It is clear that the 21 P3’s are independent, since their polytopes are disjoint, so they span a projective
space of maximal dimension, 83, that we denote by PM . The four vertices of each tetrahedron correspond to
independent points in the ambient space, so we can think of PM as the span of the 4–tuples of vertices of the 21
tetrahedra. Let us observe that a projectivity of PM can be represented by a (84× 84) matrix up to multiplication
by scalars. Fix i = 1, . . . , 5, for example i = 1, and consider Σ1; we have to distinguish two cases.
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FIGURE 7. ∆6: it is decomposed in layers of height 1 in which we have pointed out pairwise disjoint tetrahedra.
Case I: the tetrahedronΣ1 lies inside a cube. We defineϕ to be the projectivity associated to a diagonal matrixMϕ,
whose diagonal is the string (1, 1, 1, 1, t, . . . , t), where the first 4 columns ofMϕ correspond to the 4 points
generating Σ1, and the remaining columns, 4 by 4 correspond to the ordered 4-tuples of points spanning
the other P3’s. As we know Σ1 lies inside a cube, which corresponds to a (P1)3; let H1 be a general P3
tangent to the (P1)3 where Σ1 sits, at some general point. Since (P1)3 spans a P7, we can choose points
p1, . . . , p4 ∈ H1 such that 〈p1, . . . , p4〉 = H1, and such that pi = [ai0 : . . . : ai7 : 0 : . . . : 0] for any
i = 1, . . . , 4. Applying now ϕ to H1, we get:
(4.1) ϕ


a10 a20 a30 a40
·
·
·
·
·
·
·
·
a17 a27 a37 a47
0 0 0 0
·
·
·
·
·
·
·
·
0 0 0 0


=


a10 a20 a30 a40
·
·
·
·
·
·
·
·
a13 a23 a33 a43
ta14 ta24 ta34 ta44
·
·
·
·
·
·
·
·
ta17 ta27 ta37 ta47
0 0 0 0
·
·
·
·
·
·
·
·
0 0 0 0


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Taking the limit as t → 0 we obtain that the limit image of H1 via ϕ is the space H1 defined by the
following matrix 

a10 a20 a30 a40
·
·
·
·
·
·
·
·
a13 a23 a33 a43
0 0 0 0
·
·
·
·
·
·
·
·
0 0 0 0


We note that H1 is the image of H1 via the projection pi : P7 99K P3, such that pi(x0 : . . . : x7) 7→
(x0 : . . . : x3), which is the projection from the P3 spanning with Σ1 the P7 where (P1)3 sits, i.e., the P3
generated by the 4 vertices of the cube not belonging to Σ1. An easy calculation shows that the general P3
tangent to (P1)3, in particular H1, doesn’t intersect the center of the projection. Hence H1 is still a P3,
and it is precisely Σ1.
Case II: The tetrahedron Σ1 lies inside a block Σ as in Figure 3, so the P3 it defines sits in a P6, since the toric
variety defined by Σ is a (P1)3 blown up at a point. Let ψ be the projectivity of PM defined by a diagonal
matrix Mψ, whose diagonal is the string (1, 1, 1, 1, t, . . . , t), as well as in Case I, where the first four
columns correspond to the four points generating Σ1. Let H1 be a general P3 tangent to the (˜P1)3 where
the P3 corresponding to Σ1 sits; choose p1, . . . , p4 ∈ H1 such that 〈p1, . . . , p4〉 = H1. The space H1 is
tangent to (˜P1)3, which spans a P6, hence we can take the points p1, . . . , p4 such that pi = [ai0 : . . . : ai6 :
0 : . . . : 0] for any i = 1, . . . , 4. In this setting we use the argument of Case I, and obtain that the limit
of H1 via ψ is its image via the projection pi : P6 99K P3, such that pi(x0 : . . . : x6) 7→ (x0 : . . . : x3),
which is the projection from the P2 spanning with Σ1 the P6 where the blow up of (P1)3 sits, i.e. the P2
generated by the 3 vertices of the block Σ not belonging to Σ1. An easy calculation shows that the general
tangent P3 doesn’t intersect the center of projection, hence the limit of H1 is still a P3, and it is exactly
the one determined by Σ1.
Let us denote by Σ5 the tetrahedron in Figure 7 that we see in the base layer S16 , lying in a block Σ. The other
tetrahedra, Σ1, . . . ,Σ4, lie inside unitary cubes. We apply the construction of Case I to Σ1, . . . ,Σ4, and the con-
struction of Case II to Σ5. Composing the degenerations one by one, we obtain Figure 7 as our limit configuration.
Now, since the limiting P3’s span a projective space of dimension (4 · 21 − 1), hence, by semicontinuity of the
dimension we get a lower bound on dim(Sec20(V3,6)), and we can conclude that V3,6 is not 20–defective.

Lemma 4.2. (P˜3) embedded in P80 via pi∗(OP3(8))⊗OP˜3(−7E) is not 19–defective.
FIGURE 8. S18
Proof. Figure 8 represents a layer S18 , whose corresponding toric variety is (P˜3) in its embedding in P80. In the
polytope we have colored 20 tetrahedra of the type introduced in Lemma 2.10. Then the toric varieties they define
are tangent P3’s. Since the tetrahedra are pairwise disjoint, the relative tangent P3’s are skew in the ambient space
P80, so they span a linear space of maximal dimension 4 · 20− 1. Notice that in the picture there is one point that
is not included in any tetrahedron. If instead of the tangent P3’s defined by the tetrahedra in the picture we take
general ones, by semicontinuity we still have that dim(Sec19(P˜3)) is maximal.
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
Lemma 4.3. (P˜3) embedded in P120 via pi∗(OP3(10))⊗OP˜3(−9E) is not 29–defective.
Proof. In Figure 9 we see a layer S110 which corresponds to the embedding of (P˜3) in P120. The colored tetrahedra
inside S110 are 30, and only two of them are not of the type described in Lemma 2.10. Applying the argument of
Lemma 4.1, we regard Figure 9 as the limit of a configuration composed of 30 independent tangent P3’s at general
points of (P˜3). The P3’s of the limiting configuration span a projective space of dimension (4 · 30 − 1). Then,
again by semicontinuity of the dimension, we have that Sec29(P˜3) is not 29–defective. As well as in S18 we have
one point left out of the configuration.

FIGURE 9. The layer S110: the two tetrahedra in blue do not correspond to tangent P3’s.
Corollary 4.4. V3,8 and V3,10 are not k–defective for any k ∈ N.
Proof. Let us consider the configuration composed of the tetrahedron of Figure 7 leaning on a layer S17 , which
in turn lies on a layer S18 as the one in Figure 8. We denote by D8 such a configuration; it can be seen as the
central fiber (composed of ∆6, S17 and S18 ) of a degeneration of V3,8. By Lemma 4.1 and Lemma 4.2, we can
apply Proposition 2.5, being ∆6 and S18 disjoint, thus we obtain that dim(Secn8(V3,8)) = 4 · 41 − 1 = 163, i.e.
V3,8 is not 40–defective. Note that Secn8(V3,8) ⊂ P164 = PN8 , hence Secn8(V3,8) is a hypersurface. We look
now at the defectivity of Secn8+1(V3,8); let us denote by Hn8 the general tangent space to Secn8(V3,8), which is
a hyperplane, and by Hn8+1 the tangent space to Secn8+1(V3,8) at a general point. Then, by Terracini’s Lemma
we get that Hn8+1 = 〈Hn8 , Tp(V3,8)〉, p being a general point on V3,8; hence dim(Hn8+1) = N8. It follows
that V3,8 is not k–defective for any k > n8, hence for any k ∈ N (see Lemma 2.7). We use a similar argument
to show that V3,10 is not n10–defective: let us consider the configuration D10 composed of D8 leaning on two
layers, one of type S19 , below which we put a S110 as the one in Figure 9. Since D8 and S110 are disjoint polytopes,
we apply again Proposition 2.5 to this configuration, using Lemma 4.3, thus we get that V3,10 is not 70–defective.
Now we want to extend the non k–defectivity of V3,10 to any k ∈ N. If k < n10 we apply Lemma 2.7; let us now
consider Secn10+1(V3,10), we call Hn10 the general tangent space to Secn10(V3,10), andHn10+1 the tangent space
to Secn10+1(V3,10) at some general point. Looking at the polytopes which compose D10, we see that two vertices
stay out of the configuration (one pointed out in D8, the other one in S110); indeed dim(Secn10(V3,10)) = N10− 2.
Hence codim(Hn10) = 2. Again by Terracini’s lemma we get that Hn10+1 = 〈Hn10 , Tp(V3,10)〉, with p a general
point on V3,10. Then dim(Hn10+1) = N10; if it were not, then Hn10+1 would be a hyperplane in PN10 ; let
pin10 be the projection from Hn10 in PN10 onto P1. Since Tp(V3,10) ⊂ Hn10+1 , its projection is a point. But
pin10(Tp(V3,10)) is exactly the general tangent space to the projection of V3,10, which must be a point. Hence V3,10
would be degenerate, which is a contradiction. With this argument we get that Seck(V3,10) is not k–defective for
any k > n10.

Lemma 4.5. V3,12 is not k–defective for any k ∈ N.
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FIGURE 10. The layers S19 , S110, S111, S112 in D12
Proof. Let us look at Figure 10; it is a composition of layers of type S19 , S110, S111 and S112. We place over the
four layers represented, a configuration of type D8, as in Corollary 4.4. We call this new configuration D12; we
are going to show that V3,12 is not n12–defective using the strategy of Lemma 4.1. Looking at the 113 colored
tetrahedra in D12 (counting also the ones in D8 ⊂ D12), most of them correspond to tangent P3’s, as in Lemma
2.10, but 13 of them are not tangent P3’s, so we want to think of them as limits of general tangent P3’s. If we
denote by Σ1, . . . ,Σ13 the mentioned tetrahedra, we see that some of them lie inside unitary cubes, but we find
three tetrahedra, one lying in D6 (D6 ⊂ D8, moreover see Lemma 4.1), one in S110, the other one in S111, which sit
inside blocks Σ as in Figure 3. Let us call them Σ1, Σ2 and Σ3. For all the tetrahedra Σ1, . . . ,Σ13 we can reapply
the techniques used in Lemma 4.1, i.e. one by one we compose the degenerations of general tangent P3’s to the
limit P3’s defined by the relative Σi’s, i = 1, . . . , 13. Of course we will apply the construction of Case II to Σ1,Σ2
and Σ3, and the construction of Case I to Σ4, . . . ,Σ13. At the end of the process, composing all the degenerations,
we obtain D12 as our limit configuration. Finally we observe that, since the 113 limit P3’s span a projective space
of dimension (4·113−1), hence, by semicontinuity of the dimension we get a lower bound on dim(Secn12(V3,12)),
and we can conclude that V3,12 is not n12–defective. But we are interested in the k–defectivity of V3,12 for any
k ∈ N. So, we are going to study Secn12+1(V3,12). Let us notice that in the configuration D12 three points are
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not contained in any of the pointed out tetrahedra. However they are very close to each other, so we can think of
the three points as being contained in a further tetrahedron in D12. Having in mind a configuration with n12 + 2
disjoint tetrahedra, we can repeat the argument we used before. Then again by semicontinuity we obtain that
Secn12+1(V3,12) spans the whole ambient space. It follows that V3,12 is not k–defective for any k > n12, hence
for any k (see Lemma 2.7).

So far we have shown that V3,d is not k–defective for d = 6, 8, 10, 12 and any k ∈ N. In the following we will
study the cases d ≡ 6 mod 8, d ≡ 0 mod 8, d ≡ 10 mod 8, which we will handle using recurrence on the
configurations we have already built.
FIGURE 11. ∆14
4.1. Case d = 6+8k. We start by examining the case d = 6 + 8k. When k = 1, the tetrahedron ∆14 (see Lemma
2.9) can be split up into one ∆6, that we triangulate following Figure 7, and one layer S714 of height 7 and big base
of side length 14. We can furthermore divide S714 in two triangulated tetrahedra ∆6 lying in its ends, and a block Ξ,
as illustrated in Figure 11. We can triangulateΞ as follows: one semicube P7 of side length 7, plus one tetrahedron
of side length 5, that we denote by T5, and one tetrahedron of side length 6, T6. None of T5 and T6 is a 3-simplex,
but we can think of them as the configurations of V3,5 and V3,6 respectively (the subdivision of Ξ is represented in
Figure 12). Recall that V3,5 and V3,6 are respectively not 13–defective and 20–defective. In Figure 13(a) we have
FIGURE 12. Subdivision of the block Ξ
represented the orthogonal projection of the semicube P7, which shows that it contains 6 disjoint columns of height
7, each containing 4 pairwise disjoint unitary cubes, and every cube is not 1–defective; the squares in Figure 13(a)
are precisely the projections of the columns. The yellow triangles correspond to the projections of some different
columns of height 7, that we denote by γ7, each containing 6 pairwise disjoint tetrahedra, as in Figure 13(b). If
we consider the toric variety defined by γ7, it is a P1 × P2 embedded in P23 via p∗2(OP2(1))⊗ p∗1(OP1(7)), where
p1, p2 are the projections on the factors; we see that it is not 5–defective. To show this, we will use the techniques
of Lemma 4.1. We want to prove that the 6 tetrahedra that we pointed out in γ7 correspond to limits of general
tangent P3’s. Four of them are not of the type introduced in Lemma 2.10; let us denote them by Σ1, . . . ,Σ4; every
Σi lies inside a semicube, which corresponds to P1 × P2 and spans a P5. So in order to use the argument of
Lemma 4.1 we just have to pay attention to the ambient space. An easy calculation such as in Lemma 4.1 yields
that Σ1, . . . ,Σ4 are limits of general tangent P3’s hence Figure 13(b) is our limit configuration. Notice that the
tetrahedra corresponding to the limit P3’s are pairwise disjoint, then they span a projective space of dimension
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(4 ·6−1). Hence, by semicontinuity we can conclude that the toric variety defined by γ7 is not 5–defective. Going
back to P7, since it is composed of 4 columns γ7 plus 7 · 4 unitary cubes and all these polytopes are pairwise
disjoint, applying Proposition 2.5 we get that the toric variety associated to P7 is not 71–defective. Recalling
that above S714 lies a ∆6, which represents a V3,6, and that in our configuration (see Figure 11) we have disjoint
polytopes, then we can apply Proposition 2.5 and obtain that V3,14 is not n14–defective (where n14 +1 = 170). In
(a) Orthogonal
projection of
P7.
(b)
γ7.
FIGURE 13.
order to study the generic case d = 6+ 8k, we look at the tetrahedron ∆6+8k; we proceed by recurrence. Suppose
we already know that V3,d−8 is not nd−8–defective. We build a configuration of ∆d in the following way: we
set a layer of height 7 with base of side length d, i.e. S7d , below ∆d−8, whose configuration we already know by
induction; now we subdivide S7d as follows: first we note that if d = 6+8k, then S7d contains
k(k−1)
2 cubes of side
length 7 (C7). In C7 we insert 16 disjoint columns of height 7, each containing 4 disjoint unitary cubes, which,
in turn, are not 1–defective, as shown in Lemma 2.11. Hence, being 16 × 4 × 2 = 128, we get that C7 is not
127–defective. Moreover, S7d contains k semicubes equal to P7, that we triangulated before, and finally, on the
skew stripe located in the front we set k + 1 copies of ∆6, k copies of T5 and k ones of T6, as in Figure 14, which
represents the orthogonal projection of S722. We summarize our construction in the following computation:
(4.2) ∆d = ∆d−8 +
(
k(k − 1)
2
· C7
)
+ (k · P7) + (2 ·∆6) + k · (T5 + T6) + (k − 1) ·∆6
FIGURE 14. Orthogonal projection of S722.
Hence, recalling the defectivity of the toric varieties associated to the polytopes composing ∆d, we observe that
nd = nd−8 +
k(k − 1)
2
· 128 + k · 72 + 2 · 21 + k · (14 + 21) + (k − 1) · 21.
Now, noticing that the polytopes involved are all disjoint, we can apply Proposition 2.5, and we get that V3,6+8k is
not n6+8k–defective.
4.2. Configuration for d = 8+8k. The case d = 8 + 8k with k ≥ 1 is more complicated. As before, let k = 1.
Then d = 16, and we can decompose ∆16 setting a ∆8 above a S716–layer.
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FIGURE 15. Subdivision of S716.
The problem is now to find a configuration for S716: we insert a prism having triangular basis of side length 9 and
height 7, denoted P9; it can be viewed as the half of a parallelepiped of height 7 having square basis of side 9,
called C9; then, on the skew stripe in the front we put two tetrahedra ∆6 and a block B8 composed of a T6 plus
a cut tetrahedron of side 7 which we denote T ∗7 , as it is shown in Figure 15. We can obtain T ∗7 setting a ∆5 on a
(a) T ∗
7
obtained from
∆7 removing the black
prism.
(b) Tetrahedra in T ∗
7
.
FIGURE 16. The cut.
layer S16 , in turn lying on a S17 , from which we remove the black prism as shown in Figure 16(a). We want to show
that T ∗7 is not 27–defective. Notice that ∆5 is not 13–defective; we focus on the cut S17 , which is disjoint from ∆5.
Let us consider the configuration in Figure 16(b). We see that 10 tetrahedra correspond to the ones introduced in
Lemma 2.10, i.e. they are tangent P3’s. But there are 4 tetrahedra adjacent to the cut, which do not correspond to
tangent P3’s. Each of them lies inside a semicube, so we apply the argument of Lemmas 4.1 and 4.5, that we also
saw for the column γ7, and we get that the tetrahedra inside S17 can be interpreted as limits of tangent P3’s. Being
disjoint, they span a projective space of dimension 14 ·4−1, hence the cut layer S17 is not 13–defective (again with
abuse of notation). The block B8 is not 48–defective. Summing up, by Proposition 2.5 we get that V3,16 is not
n16–defective. In the general case, when d = 8 + 8k, we consider the parallelepiped C9, from which we remove
a vertical edge of height 7: in this way we obtain a prism, H9, that we can see in Figure 17, and that contains 96
disjoint unitary cubes plus one column γ7. So H9 is not 197–defective. Just like before we denote by P7 the half
FIGURE 17. Orthogonal projection of H9.
of a cube C7; P7 is not 71–defective. We are now able to split ∆d into ∆d−8, and a S7d . In this layer we insert (see
Figure 18) in diagonal order: one H9; 4 copies of P7; then we have
∑k−3
i=1 (i · C7 + 4 · P7); k copies of P7; in the
front we put (k + 1) copies of ∆6, (k − 1) copies of the block T5 + T6, and finally one block B8. Hence we have
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FIGURE 18. Orthogonal projection of S740.
that:
∆d = ∆d−8 +H9 + 4 · P7 +
k−3∑
i=1
(i · C7 + 4 · P7) + k · P7 + (k − 1) · (T5 + T6) + (k + 1) ·∆6 +B8.
Substituting in the last expression the defectivity of each summand, we get:
nd = nd−8 + 198 + 4 · 72 +
k−3∑
i=1
(i · 128 + 4 · 72) + k · 72 + (k − 1) · (14 + 21) + (k + 1) · 21 + 49.
So applying Proposition 2.5 we get that V3,8+8k is not n8+8k–defective.
4.3. Configuration for d = 10+8k. Let us examine the case k = 1, corresponding to d = 18; the tetrahedron ∆18
is composed of a ∆10 leaning on a layer S718.
FIGURE 19. Subdivision of S718.
Let us subdivide S718 (see Figure 19): we call P11 the half of a parallelepiped of height 7 and basis of side length
11; furthermore, in the front we set two copies of ∆6 and a block B10 composed of a T6 and a tetrahedron of
side 9 from which we remove a prism, as we did for T ∗7 . We obtain a solid, T ∗9 ; we want to show that it is not
41–defective. Let us decompose T ∗9 in the following way: a tetrahedron ∆5 leaning on a layer S16 , and this lies on
a S39 that we cut as in Figure 20(a). In particular we remove the part colored in black and blue, and in the remaining
part we dispose the tetrahedra. Looking at Figure 20(a) we see that S39 with its cut is composed of 3 layers, S17 , S18
and S19 , all having a cut as well, so we dispose the tetrahedra in the S17 and in S19 as in Figure 16(b); indeed the blue
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parts correspond to the black solid that we took off in Figures 16(a) and 16(b). Let us observe that the tetrahedra
lying in T ∗9 are 42. Repeating the argument used for T ∗7 , it follows that the block B10 is not 62–defective. In P11
(a) The cut of S3
9
in T ∗
9
. (b) Orthogonal
projection of A2.
(c) Orthogonal projection of
A3.
FIGURE 20.
we insert 15 disjoint columns of height 7 and square basis of side 1, each containing 4 disjoint cubes; moreover
P11 contains 6 columns γ7. Then P11 is not 155–defective. Summing up and using Proposition 2.5 we get that
V3,18 is not n18–defective. In the general case d = 10 + 8k, as usual we divide ∆d in one triangulated ∆d−8
plus one S7d . In the layer S7d we insert: 2(k − 2) copies of C7, 2 copies of P7, one block B10, k + 1 copies of
∆6, k − 1 copies of T5 + T6 and finally one block denoted by Ak. Let us show the configuration of this block:
for k = 2, the block A2 contains 33 disjoint columns of height 7 and square basis of side 1, and 2 columns γ7,
hence it is not 275−defective. The orthogonal projections of these columns can be viewed in Figure 20(b). For
k ≥ 3 the blockAk is different: in Figure 20(c) we see the projection of A3. With this picture in mind, we observe
that Ak contains columns of height 7 and side 1 (not 7–defective), and columns γ7 (not 5–defective). In particular
it contains
(
35 +
∑4(k−2)+1
i=3 i
)
columns of the first type, and (4 · (k − 2) + 2) columns γ7. Thus if we set:
α2 + 1 := 276, and for k ≥ 3, αk + 1 := 8 ·
(
35 +
∑4(k−2)+1
i=3 i
)
+ 6 · [4 · (k − 2) + 2], we have that Ak is not
αk–defective for any k ≥ 2. So we get that the decomposition in polytopes is the following (see Figure 21(a) and
(a) Orthogonal projection of S7
26
. (b) Orthogonal projection of S7
34
.
FIGURE 21. Projections of subdivisions.
Figure 21(b)):
∆d = ∆d−8 +Ak + 2(k − 2) · C7 + 2 · P7 + (k + 1) ·∆6 +B10 + (k − 1) · (T5 + T6).
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The last expression corresponds to the following defectivities:
nd = nd−8 + (αk + 1) + 2(k − 2) · 128 + 2 · 72 + (k + 1) · 21 + 63 + (k − 1) · (14 + 21).
Hence we conclude that V3,10+8k is not n10+8k–defective.
4.4. Configuration for d = 12+8k. This is the last configuration, and it is similar to the one proposed for d =
10 + 8k; again we start examining the case k = 1 corresponding to d = 20. We decompose ∆20 into one
tetrahedron ∆12 and one S720. The subdivision of S720 is the following: one prism of height 7 with triangular basis
of cathetus 13, that we call P13; in the front lie 2 copies of ∆6, one block B12 composed of a T6 and a solid T ∗11
obtained removing a piece from ∆11 as in Figure 22. As we already did for T ∗7 and T ∗9 , we can think of T ∗11 as
FIGURE 22. Subdivision of S720.
obtained by cutting a ∆11. So we get a solid composed of a ∆5 leaning on a layer S16 in turn leaning on a S511 that
has been cut as in Figure 23(a), where we remove the part in black and blue. Using again the triangulation shown
(a) The cut of S5
9
in T ∗
11
. (b) Orthogonal pro-
jection of A2.
(c) Orthogonal projection of A3.
FIGURE 23.
in Figure 16(b) behind the removed blue parts, we see that T ∗11 is not 55–defective, and this implies that the block
B12 is not 76–defective (where 21 + (91− 35) = 77). The decomposition in polytopes is the following:
∆20 = ∆12 + P13 + 2 ·∆6 +B12,
that is to say
n20 = n12 + 210 + 2 · 21 + 77 = 442.
Then V3,20 is not n20–defective. In order to discuss the general case d = 12 + 8k, we consider the subdivision of
∆d in a ∆d−8 plus a S7d . Then we insert in S7d a block Ak, whose configuration we will discuss in the following.
For k = 2, the block A2 contains 43 disjoint columns of height 7 and square basis of side 1, and 3 columns γ7,
hence it is not 361−defective. The orthogonal projections of these columns can be viewed in Figure 23(b). For
k ≥ 3 the block Ak is different: in Figure 23(c) we see the projection of A3. Looking at this picture, again we see
that Ak contains columns of height 7 and side 1 (not 7–defective), and columns γ7 (not 5–defective). In particular
it contains
(
46 +
∑4k−6
i=4 i
)
columns of the first type, and (4k − 5) columns γ7. As well as in the previous case
we set: α2 +1 := 362, and for k ≥ 3, αk +1 := 8 ·
(
46 +
∑4k−6
i=4 i
)
+6 · (4k− 5), hence we have that Ak is not
16 S. BRANNETTI
αk–defective for any k ≥ 2. In addition to Ak, in S7d we insert: 2(k − 2) copies of C7, 2 copies of P7, and in the
front stripe there are a block B12, (k + 1) copies of ∆6 plus (k − 1) copies of (T5 + T6). Summarizing, we have
that:
∆d = ∆d−8 +Ak + 2(k − 2) · C7 + 2 · P7 + (k + 1) ·∆6 +B12 + (k − 1) · (T5 + T6).
One example of this subdivision is available for S736, whose projection can be viewed in Figure 24. Substituting in
the last expression the defectivities, we get:
nd = nd−8 + (αk + 1) + 2(k − 2) · 128 + 2 · 72 + (k + 1) · 21 + 77 + (k − 1) · (14 + 21).
FIGURE 24. Orthogonal projection of S736.
Hence we have that V3,12+8k is not n12+8k–defective. This completes the proof of Alexander-Hirschowitz’s theo-
rem in dimension 3.
Remark 4.6. Let us observe that in fact we have proved something more: we have decomposed the polytopes ∆d
corresponding to V3,d, into smaller subpolytopes, and in order to prove the not–defectivity of V3,d, we have shown
that some of those subpolytopes correspond to not–defective toric varieties; this is further information due to this
approach.
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